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and <H = —kyVL + k, V(o5 — 0) (21.2)

Now before proceeding with the solution, we make a transformation that sim-
plifies the oxygen balance. To do this we introduce a new variable,

D=o0,—o0 21.3)

where D is called the dissolved oxygen deficit. Equation 21.3 can be differentiated
to give

ab _ _do 21.4)
dt dt ’
Equations 21.3 and 21.4 can be substituted into Eq. 21.2 to give
daD
d\H = \An.d\h - \ﬂn«\b AN~MV
Thus the use of deficit simplifies the differential equation.
IfL=1ILyand D = Qatt = 0, then Eqgs. 21.1 and 21.5 can be solved for
L= Loe %! (21.6)
kilo ( _4 -
d D= —""|eht — gkt
an P Am e v 21.7)

As depicted in Fig. 21.1, opening the lid means that oxygen first decreases, but it
then recovers as reaeration replenishes the oxygen.

BOD Deficit
L, D,

(b)

FIGURE 21.1
How (a) closed and (b) open systems are affected by BOD decomposition.

H
i
H

LECTURE 21 recter-rhelps: romn

— -
0 x
FIGURE 21.2
A point source discharged into a stream reach of constant geometry and
hydrology.

21.2 POINT-SOURCE STREETER-PHELPS EQUATION

Now we can move the foregoing theory into a natural water. Specifically we will

model a stream with a single point source of BOD. As depicted in Fig. 21.2 the

reach is at steady-state and ischaracterized by plug flow with constant hydrology and

geometry. This is the simplest manifestation of the classic Streeter-Phelps model.
Mass balances can be written as

0= IleFh (21.8)
) dx ,
and 0= 1Q“\D+»mhlknb (21.9)
X

where k, = k; + k;.
If L = Lyand D = Dyatt = 0, then these equations can be solved for
& :

Lye U* (21.10)
ka k, Ka
by kalo (e e

Doe U + ——— e U
k:|\aw

L

(21.11)

and D

These equations constitute the classic “Streeter-Phelps” model and are the equations
behind the oxygen “sag” we discussed in Fig. 19.2.

Aside from being written for a plug-flow system. these equations differ from
Egs. 21.6 and 21.7 in two important ways. First, only part of the removal has an
effect on the deficit. Second, the deficit has an initial value.

21.3 DEFICIT BALANCE AT THE DISCHARGE POINT

We introduced the dissolved oxygen deficit to simplify our mathematical model. Un-
fortunately it also complicates the determination of the boundary concentration at the
mixing point because most waste inflows exhibit a significantly different tempera-
ture from the receiving water. Consequently their oxygen saturations will differ and,
hence, a simple deficit balance will be erroneous. This is best illustrated by example.
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398 parT Iv  Dissolved Oxygen and rathogens

21.6 CALIBRATION

The relationships developed in the previous section can be extremely useful in model
calibration for the case where the criticai time and deficit are known. For example if
the initial BOD and reaeration are predetermined, Eqs 21.15-and 21.16 can be used
to calculate values for k; and k,.

EXAMPLE 21.3. PARAMETER ESTIMATION. A point source and a receiving
stream at an altitude of 1524 m (5000 ft) above sea level have the following charac-

teristics:

Point
Values source River
Flow (m’ s™") 0.7078 3.398
Temperature (°C) 22.7 14.6
BOD (mg L") 40 5
DO (mgL™") 2 8

For 32 km below the discharge point, the stream has a relatively constant width of 61 m
and a mean depth of 1.83 m. The following DO measurements are available:

Downstream Downstream
distance DO distance DO
(ki) (mgL™) (km) (mg L™")
1.61 29 16.09 4.8
322 1.7 19.31 5.6
4.83 1.5 22.53 6.2
6.44 1.7 25.75 6.7
8.05 2.1 28.97 7.0
9.66 2.7 32.19 73

12.87 38 h

Determine the total removal rate (4,) and the deoxygenation rate (k) from the data,
assuming that the O’ Connor-Dobbins formula adequately predicts reaeration.

Solution: Mass balances at the outfall can be used to determine: Ly = 11mgL™}, 05 =
6.97 mg L', and Ty = 16°C. The temperature can be used in conjunction with Egs.
19.32 and 19.39 to compute o, = 8.143 mg L~". This value, in turn, can be employed
to calculate Dy = 1.173 mg L™'. Finally the O’Connor-Dobbins formuia along with a
temperature correction can be used to calculate k, = 0.2775d7.

The DO data can be used to determine deficit downstream from the discharge. From
this information it can be estimated that the critical deficit of 6.643 mg ™! occurs at a
travel time of 1.517 d. Substituting values into Eq. 21.13 gives

1.517 =

_ _s o.m.\.\m T l_.:uﬁo.w.\.\wl»«%
0.2775 — &, k, ka(11) %

and into Eq. 21.14,

LECTURE 21 Sireeter-Phelps: Point S6iifces 399

6.643 =

r
F\A:vo,w.\.\m ~I _.:uao.m.\.\ml\s|o4NdmL:
0.2775 k, ks(11)

These two nonlinear equations can be solved simultaneously for k, and kg = 1.159

m:a.o.o.\.a» L ‘.;mmm values, along with the other model parameters, can then be used in
conjunction with the Streeter-Phelps modei to compute the fit shown in Fig. E21.3.

10

DO (mg L")
(3]

0 10 20 30
Distance (km) . FIGURE E21.3

21.7 ANAEROBIC CONDITION

It is possible that the magnitude of a BOD discharge is so great that a stream will
be devoid of oxygen. For such cases the Streeter-Phelps model must be modified.
Gundelach and Castillo (1970) have developed a nice analysis for such cases.

For simplicity we again express the equations in terms of travel time. In addition
we assume that k; = k, (that is, there are no settling losses). For this situation the
Streeter-Phelps model is

L = Lye % Q2LIT)

and D

»hon
L{ u \»il»i
Dge + \l\»n ——y € e v (21.18)

The point where the system goes anaerobic can be determined by solving Eq.
21.18 for t with D = 0. This must be done numerically. In other words, the solution
amounts to finding the smallest root of

»
f{t) = Doe ™' + m.ﬁ?-{ ~ m»avl 05 @:8

When this point is reached, oxygen depletion can no longer proceed at the rate of
k4 L. Rather it will be limited by the rate at which oxygen passes across the air-water
interface via reaeration. That is,




dL
L — k0, 21.20
a7 o ( )

Thus once the oxygen is totally depleted. the reaction becomes zero-order. Using the
initial condition that L = L; att = t;, we can calculate the BOD in the stretch from

t; to tras
L= L;—k,o5(t — t;) 212D

Consequently as with all zero-order reactions, the BOD is reduced linearly.
Finally we must determine where the anaerobic zone ends. At this point,

koo, = N&N\\ (21.22)

Combining Eqgs. 21.21 and 21.22 yields
| kyLi — kyo0 .
ty = 1y + m\m;mlbwm (21.23)

EXAMPLE 21.4. ANAEROBIC CONDITIONS. Repeat Example 21.3, but double
the BOD concentration of the treatment plant. That is, increase the point source of BOD
to 80 mg L', Also assume that no settling losses occur (that is, k, = k; = 0.97 d™!).
All other values are assumed to be the same as for Example 21.3.

Solution: The initial CBOD concentration must be recalculated to reflect the higher
concentration of the wastewater. The result is 17.93 mg L~'. This value, along with the
other parameters, can be substituted into Eq. 21.18 to give

_, 025 0.97(17.93) [ 097 02715,
D = 1.173e¢ 3182 " + 03775 - 0.97 e 3182° — ¢ 3182
When we set D = o,, this equation can be used to estimate that the oxygen con-
centration will reach zero at a travel time of 0.589 d, which corresponds to a distance of
x = 1.87 km. At this point the BOD will have decomposed to a level of 10.13 mg L=!.
This serves as the value of L, to be used in conjunction with Egs. 21.21 and 21.23.
The length of the anoxic stretch can be determined via Eq. 21.23:
1 0.97¢10.13) — 0.2775(8.143)
» = 0.589 + — : = 4.04
' 0.97 0.2775(8.143) 04d
which corresponds to x = 12.85 km. The BOD at this point can be calculated with Eq.
21.21.

L =10.13-0.2775(8.143)(4.04 — 0.589) = 2.33 mg L'

This then provides a boundary condition to calculate the remainder of the concentra-
tions using the normal Streeter-Phelps modetl. The final results for both BOD and oxygen
are shown in Fig. 21.5. Notice how for BOD, after an initial steep exponential drop, the
degradation slows to a linear decrease in the anoxic region. After oxygen moves above
zero, the more rapid exponential decrease returns.

For DO, along with the simulation corrected for anoxia, we also display the original
result for the low-BOD load as well as a high-BOD-load simulation where we make no
correction for anoxia (that is, we allow the model to go negative). Note how the correction
causes the zone of low oxygen to expand because of the depressed decomposition that
occurs.
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FIGURE 21.5
Plots of (a) BOD
and (b) dissolved

4/ Corrected oxygen down-
-4 Uncorrected for anoxia stream from a
for anoxia point source where
oxygen levels drop
AS to zero.

21.8 ESTUARY STREETER-PHELPS

For a dispersive system such as an estuary, the Streeter-Phelps equation can be writ-
ten as

d’L dL
_ —U%E L (21.24)
0=£ dx? dx
d*D dD .
= - U=— + kyL — k,D (21.25)
and 0=FE i U e d
The solution for BOD is
L = Loe/™ x=0 (21.26)
L=[ge™ x=0 (21.27

D = — - =<0 (21.28)
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