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Phosphorus Loading Concept 

T h e  phosphon~s loading concept is based on the premise that phosphorus is the pri- 
[nary. controllable linliting nutrient of lake and reservoir eutrophication. A number of 
simple empirical niodels have been developed to predict lake eutrophication on the 
basis of this premise. The earliest and most fundamental were developed by Iiichard 
Vollenweider. As a consequence they are often terrned "Vollenweider plots." 

29.1 VOLLENWEIDER LOADING PLOTS 

The first loading plot was developed by Vollenweider (1968). This nlodel was basetl 
on Rawson's ( 1955) insight that cleeper lakes are less susceptible to eutrophication 
than shallower hystcms. Vollknweider compiled areal loadings of total phosphorus 
L,, (mgP  111-' yr-I)  and nlean depth tt ( ~ n )  from north tclnperatc lakes from around 
the world. He used thcse points to locate the lakes on a space defined by log L,, vcr- 
sus log H (Fig. 29.1). I-le then Inbeled each I;ikc as to its trophic status (01igotrol)hic. 
riiesotropliic. eutrol~hic). Fin;illy he supcrinlposed lines dividing the various cale- 
gurics of Iitkcs. 
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If (rn) 
Vollenwe~der's ( I  968) loading 
plot. 

AS displayed in Fig. 29.1, the plot provides an easy-to-use rnodel lo perform 
both sin~ulation and wasteload allocation calculations for lakes. For a si~nulation 
calculation the rnodeler would use loading and depth data to predict Lrophic state. For 
a wasteload allocation calculation the rnodeler would determine the loading required 
to attain a desired trophic state for a lake of a particular incan depth: 

In a subsequent paper Vollenweider (1975) added a second determining factor 
into the loading plot framework. He recognized that not only d e p ~ h  but also residence 
time had an impact on eutropllication. In essence he observed that faster flushing 
lakes seemed to be less susceptible to eutrophication than lakes with long residence 
times. He incorporated this effect into the plot by adding the inverse residence time 
to the abscissa. 

As in Fig. 29.2, he again plotted lakes on this space and superim~osed lines: 
Ilowever, along with straight lines. he suggested that curves represented a su 

both simulation and wasteload allocation predictions. 
7' fit of the data. Again, as with the earlier version (Fig. 29.1 ). the plot can be used or 

I t  should be noted that one problem with using mean depth and residence time 
is that they are not independent. In fact, the abscissa, H I T , , ,  can be shown to be 
independent of depth. * 

where q ,  is called the hydraulic overflow rate (rn yr-I). Note that engineers involved 
irl water and waste treatment have historically correlated sedimen~ation in treatment 
reactors with the overflow rate (Reynolds 1982). 

A final refinerner~t was developetl indcpelldently by Vollenweider (1976) and 
Larsen and Mercier (1976). Their models corresponded to plots of the logarithm 
of L,, versus the logarithnl of q , ( l  -t 6). Again. curves were used to divide the 
loading levels on the plot. 

Otlrcr investigators, notably K;ISI and Lee (1978). have applied Vollenweider's 
(1976) approach to larger data bases and have extended i t  to preclict trophic status. 
We review these extensions in Sec. 29.3. 
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One such scheme is outlined in Fig. 29.4. The approach consists of relating 
predicted total phosphorus concentrations to symptoms of eutrophication such as 
chlorophyll a concentration, Secchi-disk depth, and hypolimnetic oxygen demand. 
Each step is dictated by empirically derived correlations, as described next. 

29.3.1 P h o s p h o r u s - C h l o r o p h y l l  C o r r e l a t i o n s  

Initial attempts to extend phosphorus loading models attempted to calculate chloro- 
phyll a levels as a function of total P concentration. Most of these are based on a f i t  
of a log-log plot. Several examples are 

Dillon and Rigler ( 1  974): 

log(Ch1a) = 1.449 Iog(p,) - I .  136 

Rast and Lee (1978): 

log(Chla) = 0.76 Iog(p) - 0.259 9 (29.17) 

Barrsch and Gakstarrer (1978): I 

log(Chln) = 0.807 log(p) - 0.194 (29.18) 

where Chla = chlorophyll a concentration ( p g  L-I) 
p = total P concentration ( p g  L-I)  

p,: = spring total P concentration ( p g  L- I )  

Figure 29.5 shows the Bartsch and Gakstatter (1978) version. 

- 
0 

Ql 

o ollgotrophlc 
rnesotro~hlc 

FIGURE 29.5 
The relationship between chlorophyll a and phosphorus in some Uniled States lakes 
and reservoirs (Irorn Barisch and Gakstalter 1978). 

All these models show an incrc;~sc or  cl~lorophyll wirli increasing phosphorus. 
In all cases the relationship is nonlincar. llowever, the Dillon and Rigler model dir- 
lers in that its exponent is greater than I (slope oT log-log plor = 1.449). connoting 
that more polluted lakes exhibit proponionately higher chlorophyll rhan less pol- . 

luted lakes. The other correlations show less chlorophyll per phosphorus for more 
productive systems. 

In addition all the models are assumed to be appropriate only Tor pliosphorus- 
limited systems. Sinith and Sliapiro (1981) have presented a modified correlation 
that atternpts to account Tor potential nitrogen limitation. 

where 

h = 1.55 log [00204(TN:TP) t 0.334 I 
in which TN:TP = total nitrogen to phosphorus ratio. 

29.3.2 Chlorophyll-Secchi-Disk D e p t h  C.orrelat ions , 
.' !rernpts to relate Secchi-disk depth to chlorophyll levels have again usually sraned 
with log-log plots. One such griiph is shown in Fig. 29.6. alltl i t  can he described by 
the equatio~i 

log(St)) = -0.473 Iog(Chla) t 0.803 (29.2 1 )  

FIGURE 29.6 
The relationship between Secchi-d~sk depth and chlorophyll a (Irorn Rast and Lee 1978). 



where SD - Secchi-disk depth (m). 
When tills equation is transforrncd into normal coordirlatcs, it becorries 

SD = 6 . 3 5 ~ h l a - ' ~ "  (29.22) 
C 

Thus the fit traccs out a hyperbolic shapc that, as expected, exhibits large Seechi- 
disk dcptlls at low chlorophyll conce~ltratioris and snlall Secclli-disk depths at high 
chlorophyll concerltrations. 

The shape can bc related to more fundamental measurements by recognizing 
that light cxtirlction in natural watcrs is often described by tile Becr-Larribert law 

1 = loe-'rH (29.23) 

where I = light at depth ti 
1,) = light at the surface 
k ,  = sx~inct ion coefficient of tlie water 

A ~lunibcr  of investigators havc related Secchi-disk depth to light extinction. 
For cxarnplc a rough rule of ttiulnb is Illat thc Sccchi-dihk dcpth corresponds to the 
depth at which about 85% o l  the surface light is extinguislled (Sverdrup et al. 1942. 
Beeton 1958). \iJhcli we assurne this level. Eq. 29.23 becomes 

Furtlier. tlic extinction coeflicient is often related to chloropllyll levels. Orie colnmon 
niodel is a linear proportio~iality. 

k,. = k , , ,  + aChlrl  (29.25) 

wllcre k , , , .  = cxtirictio~i due to \rl;licl., color, and rlorialg;~l particles ( 1 1 ) - I )  and cr = 

a cocfficierlt ( I ,  p g - '  n l . ' ) .  Substitutilig this relationsliip and takirig the riatural 
logarithril givcs 

1110. 15 = - ( A , , , .  + ~rChla )SU (29.26) 

Chla (11 g L-') 

FIGURE 29.7 
The relalionship belween Secchi-disk depth and chlorophyll derived 
lrom the Beer-Lamberl law and light extinction relationships 
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which can be manipulated to give 

1 
S D  = SDmax (29.27) 

I + p C h l n  

where p = nlk,., arid SD,,,, = 1.9lk,,. Thus  [lie relationsllip s t ans  at an  initial 
Secclii-disk depth corresponding to particle-free water. Then, as chlorophyll fosters 
light extinction, the Secchi-disk depth is reduced to zero. Figure 29.7 illustrates this 
pattern. 

29.3.3 Areal Hypolimnetic Oxygen Demand 

Rast and Lee ( 1  978) presented the following correlation to predict the areal hypolim- 
netic oxygen demand in lakes (Fig. 29.8). 

log AHOD = 0.467 log 
L 

where AHOD = areal hypolirnnetic oxygen demand m-' d;'), or taking the 
antilog. 

r ,O 467 

Thus  even tllough the equation seems to represent a correlation with loading. 
i t  actually correlates AHOD with in-lake total P concentration (recall Eq. 29.13). 

1 + 10 100 
L 

(P9  L-') 
% ( I +  6) 

FIGURE 29.8 
The relationsh~p belween areal hypolimnel~c oxygen demand and phosphorus load~ng 
(Rast and Lee 1978). 
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Chapra and Canale (199 I ) realized this and reanalyzed Rast and Lee's data to deter- 
mine a direct correlation with total P concentration, 

AHOD - 0 . 0 8 6 ~ 1 " ~ ' ~  (29.30) 

where p = mean total P concentration of the lake ( p g P  L-I).  
When this equation is plottcd on untransformed scales (recall Fig. 25.20). i t  

traces a saturating curve that suggests that as lakes become more productive, the 
amount of AHOD does not increase as rapidly as the phosphorus increases. This is 
consistent with Fair's observation (Fair et al. 1941) that sediment oxygen demand 
increases as the square of the organic carbon content of a sediment. In addition i t  
conforms to Di Toro el al.'s (1990) S O D  model. If i t  is assumed that lakes with higher 
total P have higher sediment organic content, Eq. 29.30 and Fair's observation and 
Di Toro's model show some consistency. 

29.3.4 S u m m a r y  
* 

The models and correlations constituting the phosphorus loading concept have been 
widely used, in part because they are so easy to apply. They also have the intrinsic 
appeal of any empirical appro~ch.  That is, they dircctly reflect observations-"what 
you see. is what you get." 

Unfortunately !hese tnodels and correlations also have shortcomings: 

Because the plots are all log-log and exhibit large scatter. the prediction errors are 
substantial. 111 the forms presented here, these errors are not explicitly displayed. 
Thus the user might naively employ a highly uncertain prediction with unwar- 
ranted confidence in its validity. Reckhow (Reckhow 1977, 1979; Reckhow and 
Chapra 1979. 1983) and Walker (1977. 1980) have addressed this deficiency in 
detail and offered remedies. Unfortunately because the loading models and plots 
are so easy to use, uncertainty is rarely connected with the resulting predictions. 
The models are commonly developed from widely heterogeneous data bases. For 
example lakes from different regions and different types of lakes (e.g.. well-mixed 
lakes and elongated impoundments. some nitrogen-limited systerns, etc.) are of- 
ten included in the same correla~ion. The net result is that the prediction error # 

becomes inflated by regional and lake-type variability. One remedy is to develop 
customized correlations for specific lake rcgions or types. 
They provide little tnechanistic insight into the mcclianisms underlying the cu- 
rrophication process. Further. their utility is limited to the specific applications 
for which they were intended- that is. simulation and assi~nilation capacity esti- 
mation. In contrast. mechanistic models can be extended to asscss environnlental 
modifcations (e.g.. dredging. reacration. ctc.) and to gc~ldc rescarch and experi 
mentation. 

In spite of these shortcorninps. einpirically derived loatling ~nodels often provide 
useful order-of-magnitude estimates. As such rhcy pro\,idc a quick means to "see 
the big picture." In othcr words they offer a way to discern how eutrophica~iorl in a 
particular lake relates to how Iiikes generally behave. 

29.4 SEDIMENT-WATER INTERACTIONS 

13otrom sediments have long been :rcktlowledged as a potential source of phosphorus 
to the overlying waters of lakes and impoundments. As such. sctlin)ent fecdbiick . 

could have a signific;lnt impact on the recovery of such systcmh. This would he 
particularly true in shallow lakes or thosc with anaerobic hypolii~lnia. 

\Ve have already allutled to scdiment fcetlback of nutrients i n  Scc. 25.6.4. Sirctl 
rnecliarlistic frameworks provide oric Incans to simulate thc procchs. In  his section 
we devclop an alternative approach that is more akin lo thc phosphorus loading mod- 
els tlcscribed herein. That is, semiempirical formulations are used to sirnulate sed- 
iment feedhack in corljunction with simple total phosphorus btrclgets for 11ii. water 
and the setlitnents. Such a sirnplilied approach is sonlctimes more consistcn~ with 
typical data collection programs for many water bodies. 

29.4.1 S e d i m e n t - W a t e r  Model  

,n this section we develop a simplc modeling framework to adtlress this problem 
for stratified lakes. The fra~nework, which is expressly designed for Inanayement 
applications, includes two componerits: a total phosphorus budgct and a model ol 
hypolimnctic oxygen tleficit. Each is described briefly i l l  tllc following paragraphs. 

Total phosphorus n~odcl. A sediment-water model for t c l ~ ; l l  pllosphoruz in a 
lai;e and its underlyirlg sediments (Fig. 29.9) can bc written as 

where the subscripts I and 2 designate the water and [he enriched surface sediment 
layer. respectively. \I,  = settling velocity of phospllorus from the warn to the sedi- 
nients (ni yr-I),  A ,  = surface area of the deposition zone (m2). \,, = recycle mass- 
transfer coefficient from the sediments to the water (m y r - ' ) ,  and \',, = a burial rnass- 
transfer coefficient from the enriched surface layer to the deep sediments (rn y r  I ) .  

loading + flushing > 

1 burial 

FIGURE 29.9' 
Schematic diagram of a 
phosphorus budget model lor a 
take underlain by sediments. 
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Thus the burial velocity can be computed as 

W , ,  - \Yo,, - 6692 X 10" 4763 X lo6 
L',, = - = 8.03 x rn y r  ' 

A 1 I J ~  4.8 X IO6(500.000) 

( b )  The recycle velocity can be estimated by taking a mass bal;~nce arountl the sctlirnents 
to determine how much phosphorus is recycled fron~ tlie sediments to tlie water on an 
annual basis (Fig. E29.1-2). The balance can be solved f o r  the amount of phosphorus 
recycled per year. 

1,,A?p2 = 1,~A2pl - L',,A~,)? = 11,410 X 106 - 1928 X 10' = 9476 X lo6 rng y r - t  

Now. this value must be distributed over the summer an0 winter anoxic periods. To do 
this we must detcrlnine the AI1OD rates. For the sulnrner. 

AHOD = 0 . 0 8 6 ( ~ 6 . 3 ) ~ ' " ~  = 0.5905 g ~ n '  d- '  

This value along with other parameters can be substituted into Eq. 29.33 to deter- 
mine how long after stratification the lake would go anoxic (that is, below approxitnately 
I .5 mg L- ' ), I 

(0, - ~ ~ , , ~ . , ~ ) ( f l , , )  - (8 - I.5P.2 ( I -  I,) = -------- - 
AtIOD 

= 24.2 d 
0.5905 

which means that in the summer the lakc will bc anoxic for 105 - 24.2 = 80.8 d. A simi- 
lar calculation (with the ternperature correction frorn Eq. 29.34) can be used to determine 
thar tlie lake would be anoxic for 108.5 d during the winter. 

The total amount of recycled phosphorus can be set equal to the terms in the niotlel 
accounting f i r  recycle in the summer and winter anoxic periods. 

where F , ,  and F,, .. = fractions of the year when the hypolilnnion is anoxic during sum- 
mer and winter, respectively. This equation can then be solved Tor 

Figure 29.10 shows simulation results for a single year during the steady-state 
calibration period. Data shown are for 1972 (Larsen el al. 1979). Notice how the 
phosphorus increases due to the heightened release rate when the oxygen level falls 
below 1.5 mg L-I .  A better f i t  could have,been accomplished by additional tuning 
of the parameters or by allowing the model' parameters to vary seasonally. However, 
considering the simplicity of the present calibration process, Fig. 29.10 is judged to 
be an adequate approximation of the general trend of the data. 

To obtain some perspective on the long-term dynamics of Shagawa Lakc. a sin]- 
ulation was performed for the period from 1880 to 2000. Actttal flows were used for 
the period 1967 to 1979. An average flow is used for all other ycars. 

Because measurements were not made prior to 1967, an itlealized long-term 
loading scenario was developed (Fig. 29.1 1). Measured loadings are tlsetl for the 

I 

FIGURE 29.10 
Plot ol phosphorus and oxygen in the pretreatment period (1967-1972) lor 
Shagawa Lake. The data are for 1972 (Larsen el at. 1979). 

periotl 1967 to 1079. Before 1890 and alter 1979. a n  average "naturi~l" lo;iding of 
13 1 1 kg y r - '  (Lnrsen el ;11. 1975) is assumed to apply. 

11)  1890 the towt) of Ely was esrnblished in the lake w;~ttrshcd. I-rorn 1890 to [he 
present. the town's population has been relatively sra0lc. An idealized scenario is 
uscd to cl~;~racterize the town's contribution. The scenario assumes tllat immediately 
trpnn Ely's establisl~menr. the loadings it~creased stepwise to the high average levels 
of the Ii~tc 1950s. Althottgl~ the nctttal loading was undoubtedly cliffercnt from Illis 
idenlir;~tior~. in tile absence ol'tli~cct measurenlents i t  is considcrccl to l ~ c  ;in adccju:rte 
lirst a[>proxirnation. 

l'he results o l  the long-tern) simulation along with tneasured data arc sl~own in 
Fig. 29. 1 1 .  The plot indicates Ihnt after tlle 1973 load reduction. the lake cxperi- 
enccd ;In imr~lcdi;lte quick response. kiowever. by 1974 the lake'> recovery slowed 
signilicantly tltte to fectlb;~ck of phospllorus fro111 thc setlimcnts. 

Aside frorn its sin~plicity. the use of n step incrcasc to ch:iracterize the his- 
toric;ll loading scenario allows a clearer visualization of the model's response 
characteristics. As in Fig. 29.1 1 .  the model sllows an imri~etliate sharp increase 
i n  1890 followirlg tile step load increase. Then, as sediment fcedback hegins to 
tlominate, the retnainder of (he increase proceeds at an extretnely slow rate (about 
0.2 mg nl-I  yr-I) .  By the early 1960s, the lake was jttst beginning to approach n 
srendy-state. Althougl~ i t  llnd not totally reached a ste;idy-state at t l ~ a t  tirnc, i t  seems 
to have lieen close enough lo ~ni)l\e our calibration acceptal)le. 

The sitnul;ltiot~ rcs~rlts arid data lor the recent past are tlcpicted in Fig. 29.12. The 
adequacy ofthe simulation can hc assessetl by tllree fixtures of the response. First. 
thc nlotlcl approxitr~ately matcl~es the pretliversion levels of 50 to 60 nlg ~ n ' .  Sec- 
ond, tllc ini~iill rapit1 drop of about 25 rng rn- '  is close to the observed dro,). Fitlally, 
the rate of the sul)scclttent retartled recovery is quire close in tile d;tta. Con\idcring 
rh;lt the ~nodcl parameters are ur)tuncd. these results are encour-agirrg. 
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7-7 - Lake 
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: 

Year 

FIGURE 29.11 
Long-term total phosphorus concentration lor Shagawa Lake a s  
simulated by the phosphorus.oxygen model (thick I~ne). A plot of 
intlow concentration is superimposed (thin line) lor comparison. 

I ' i g i~~c  20. 13 i h  ;I 1)lot ol' c::s~l-n;~l i~rld internal lo;~clings :IS calcl~latctl Oy tllc 
rnodcl. Notice how the irltcl-rial sediment feedback load takes rtlarly decades to build 
up to rhe high lcvcls obscl.ved during the 1960s. Also   lot ice how after advanced 
tre:rtlnent was inbtalled i l l  1973. the sediment feedback experienced a small abrupt 
drop followed by :I very grirdual decrease. I t  also indicates that, although the con- 
stant feedback rnodcl wo~rld  be adequate for shon-tern1 projections (that is. less than 
;I decade). long-tern1 predictions would have to account tor the gradual decline in 
sediment release. 

In sunlr1l;lry 111c lo~.egoir~g provitlcs ;I prelilninary l ' r i~mewo~ k for assessing the 
impact n l  sedinler~t fccdl~ack of phosphor~rs on long-term lake recovery, which be- 
cause i t  depends or1 n few pararnetcl- values, offers a simple rneans to assess Ihe 
long-tern1 impilct 01-  nutrient loadings on lake eutrophication. 
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FIGURE 29.13 
Long-term trends of sediment recycle (thick I~ne) of phosphods for 
Shagawa Lake a s  si~nulated by the pt>osphorus-oxygen model. The 
external loading is superimposed (thin line) for c0,mparison. 

29.5 S I M P L E S T  S E A S O N A L  A P P R O A C H  

Ternperarure changes have a profound effect on nlass cycling within the warer col- 
umn. The  presence of a strong thernlocline essentially divides the lake.into two ver- 
tical layers with markedly different characteristics (Fig. 29.14). 

The surface layer (epilirnnion) is warm and well-illun~inated. Consequent1 al- 
gal photosynthesis leads ro transforlnation of dissolved nutrients into particulate r- 
garlic matter. Although the ther~nocline greatly reduces vertical mixing. some of this 
particulate nlatter settles and diffuses to the bottorn layer (hypolimnion). where i t  de- 
cornposes and ever~tually returns to a soluble forrn. Mixing across the thermocline 
then reintroduces some of the dissolved nutrient to the surface water, where i t  is 
again taken up by the phytoplankton. Because many contaminants in lakes are asso- 
ciated with particulate organic matter, this cycle has significance to their transport 
and fate. 

This  section describes an approach to sirnulating basic features of this cycle. T h e  
key characteristic of the approach is that i t  partitions the substance being modeled 
into two fractions. Although rhe   nod el is specifically developed for phosphorus. this 

' ,  

partitio~ling is basic to many other substances (such as  certain toxic compounds). 
and the approach could serve as  a preliminary framework for analysis of the seasonal 
dynamics of these contaminants. In addition to its use in simulating mass cycling, the 
rnodel can also be employed to simulate oxygen concentration in the water column. 

29.5.1 Mo'del F o r m u l a t i o n  

Most of the ~node l s  described in earlier lectures deal with the dyrlamics of a sin- 
gle substance in a vertically well-nlixed water body. As previously mentioned, many 
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FIGURE 29.14 
Idealized representation of the cycle of production and decomposition that plays 
a critical role in determining the vertical distribution ol matter in stratilied lakes. 

constituents occur in various chemical andlor biological forms that are subject to 
transformations due to thermal srratification of the water column. O'Melia (1972). 
lmboden (1974). and Snodgrass (1974; and O'Melia 1975) have provided a model- 
ing framework that makes a first attempt to simulate some of these changes for the 
nutrient phosphorus. Sirnons and Lam (1980) have dubbed this framework the "sini- 
plest seasonal approach'' or SSA ( F i g  29.15). Although each of [heir approaches has 
unique features (for which the reader can refer to the original publications), in gen- 
eral all the models have the following characteristics: 

1.  Phosphorus is separated into two colnponents. These coriventionally refer to 
soluble reactive phosphorus (SRP) and phosphonrs that is not soluble reactive >;, 

w w 
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FIGURE 29.1 5 
Schematic representation of the "simplest seasonal approach" 
developed by O'Melia. Imboden, and Snodgrass. 

pl~osphorus (NSRP).' This breakdown has an operational basis because rile two 
most cornrnon phosphorus ~neast~rements  are for SRP and total pliosphorus (TP). 
NSRI' can therefore be estiniated by the difference of tllc two quantities as in 
NSRP = T P  - SRP. In thc model itself a further t l i s ~ i n c ~ i o i ~  is ~iladc in that NSRP 
is sul~ject to settling losses whereas SRP is not. Tliis is basetl on the assumplion 
tlial a significant portion of the NSRP is in particula~e I'orlii. I lowever. because 
NSRP also includes nonsettleable dissolved organic phosphorus (DOP). the dis- 
tinction is no[ precise. We return to Ihe subject of tlie d e l i l i i ~ i o ~ ~  and intcrpre~ation 
of the phosphorus fractions and [lie general queslion of kinc~lc  seglilent;~rion at 
the elid of this section. 

2. The lake is segmented spatially into well-mixed upper ; l~lcl  Ic~wcr layers o l  con- 
stant tliickriesses. 

3. The year is tlivided illto two scason.; I-epresenting ;I sulilliicr. srr:~liticd ~lcriod 
during which turbulent exchange between [he layers is minilllnl and u ~vinter. 
circulntioti period when turbulent transport is intense a~l t l  the Iilkc is well-mixed 
vertically. 

4. Linear first-order differential equalions lire used to char;lcteri7c the transport and 
kiiie(ics representing the mass cxcllal~gc belween ~ l i c  C O I I I ~ O I ~ L ' I I ~ S .  As schema- 
ti7etl i l l  Fig. 29. 15, tliese exchanges irlclude the followilig: 

' No[e I h n i  Imhotlcn ( 1974) lrcals phosph(~rus as dt\colved P available for b iopro i l~ tc~i (~n  and p;trliculatc 
P tle therefore does no[ expliciily accounl  for dissolved organic pllo\pht)ru\ ' l l tc  cl~~eslion 111 hine~ic 
seginen~;l~ion is explored in fu r lhe r  d e~a i l  at [lie end ~if~liis s c c ~ i o i ~ .  
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Wnsre i t~p~lrs .  Mass loadirlgs of SRP and NSRP fractions can be input to both 
the epi- and the hypolininio~i. 
fiutrsporr. Flushing of rnass through the lake's outlet is characterized mathe- 
matically in a similar Cashion to a single CSTR (that is, as flow times concen- 
tration), yet I (  differs i r i  that only the surface layer loses mass in this way. A 
small level of vertical turbulent transfer or diffusion between the layers is used 
dur i~ig the stratified period. For the winrer, the diffusion coefficient is iricreased 
to the polnt where for all practical purposes the lake is well-mixed. 
Serrling. By definition, only NSRP is removed from the water column using 
settling velocity relationships. Separate settling velocities can be input for the 
two layers as well as for tlie two seasons. 
Uprnke. To account for the fact that SRP is transformed into particulate matter 
via phytoplankton production, uptake of SRP is characterized by a first-order 
reaction. This rncchariisrii is included only in the epilirnnion under tlic assurnp- 
tion that light linlitatiori Itlakes i t  riegligible in the lower layers. 111 addition :I 

much higher u p r ~ ~ k e  rate is used during the surlirner to account lor thc tact tliat 
production is greatest ; ~ t  that time. 
Helerl.ve. A number of rriechariis~~is such as deconipositiori, respiratio~i, zoo- 
plankton gr,uirig, ctc.. act to return phosphorus fron! the NSRP to the SRI' 
pool. A firs[-order reaction depentlent on the concentration of NSRP is used lo 
approximarc this phenorlicno~~. 

To this point tlie kinetics of' ~riost models in this volunie have been clinracteri-/ed 
as simple first-order decay of a sirigle pollutant. With the SSA we begin to intro- 
duce more e1abor;lte representatioris of substance interactions. As in Fig. 29.15, the 
phosphorus forrns are coupled by uptake and release reactions. For exarnple in the 
epilimnion, phosphorus is lost fro111 the NSRP compartment or "pool" by a release 
reaction. This loss. in turn, represents a gain for the SRP pool. Therefore, when we 
write the mass balance for a particular pool, each arrow i l l  Fig. 29.15 represents . 

a term in the resultirig differential equation. For example for the SRP pool in tlie 
epilimnion. 

Accur~ lu la r i~ ln  = LouJilig - I ' lu \ l~i l ig  + D~ffusion - Uptake - Release 

(29.35) 

where the subscripts tr aritf s designate NSRP and SKP fractioris, respectively, and 
the subscripts e arid 11 designate,epilirilrliori arid hypoli~n~iiori, respectively. 

Although the rcaciioris in Eq. 29.35 are all first-order. tliey could just as eas- 
ily be rnore cornl~licated forrilulations. For example in Lec. 33, nonlinear re1atio11- 
ships are ~rscd ro cl~aractcrize pllytoplankton growth. In atl(1ition if otlier substances 
(such as  addi~ional Sorrns of phosphorus or other nutrients) were to be included i l l  the 
  nod el. colnparrnlents (each representing a differeritial equ;~tiori) and arrows (each 
representing a term in the differential equation) could be included. The poilit is that 
regardless of rhc complexity of the situation, the conservation of rnass. as reflected 
by the set of differential equations, is a simple bookkeeping exercise to account for 
how. when, and wlrere rliass riioves within the systerii. 

TABLE 29.4 
'Qpical ranges of parameters for the simplest seasonal approach 
fur n~odeling phospllorus 
w l . _ m - % ~ .  x.-T:,:*." ,sm- . . 
l'nrameler Seusun Symbol Range' Unlts 

Epilimnetic uplake rare Summer ku , 0.1-5.0 d-I  
Winrer k,, , 0.01 -0.5 d - '  

Epilirnl~e~ic release rare Sumrr~er k,,  0.01 -0.1 d - '  
Winter k , ,  0.003-0.07 d-  

Hypolilnnelic release rale Surnll~cr !ifh 0003-0.07 d - I  
Winter !irh 0003-007 d - I  

Sellling \,elociry Annua l  I . , .  rh 005-0.6 rn d - '  

' Values are laken prirnar~ly Iron1 Ilnhxlcn ( 1974) 2nd Sriodprass ( 1974) 

The 11iass balarIces for the three remailling pools are 

Definitions and typical values of the parameters are contained in Table 29.4. 

29.5.2 Application to Lake Ontario 

Parameters for Lake Ontario are sumrn;irized i n  Tables 29.5 and 29.6. In addition the 
heat excharige coeSlicient,xross the tl~ermocli~ie is 0.0744 rn d - '  during the summer 
stratified period, and the water colulnn is well-mixed vertically during other times 
of the year. 

Equations 29.35 to 29.38 can be integrated numerically with a method such 
as tlie Sour-th-order Runge-Kutta techriique. The results are displayed in Fig. 29.16. 
As can be seen. the primary feature in the epilirnnion is the shift of mass from the 
SRP and the NSRP fractiori during sunilner due to the large uptake rate. Because 
of tlie lack of production, the hypolirr~nion is generally a more stable system. with 
concentrations maintained at fairly constant levels throughout the year. 

Although the above frarrlework captures rnany of the essential features of the 
seasonal cycle, i t  has several limitations. In particular, its use of constant coeffi- 
cients and first-order kinetics limits its general applicability. Many of the processes 
goverriirig substance interactions in the water column are nonlinear and dependent 
on factors not accounted for in this model. For exarnple the epilimnetic uptake rate 
deper~ds, among other things, or1 l igh~  inte~lsity, tenlperature. and levels of both the 
pl~ytoplarlkton and the dissolved nutrient. In addition the dependence on the nutrient 
is best described by a nonlinear relationship. Thus some efforts to refine Equations 
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TABLE 29.5 
Information on Lake Ontario in the early 1970s 

Parameler Symbol Value Units  

Area 
Surface A ,  19.000 10\rn1 
Ther~iiocl~ne A,  18.500 10%' 

Mean  depth 
Whole lake H 86 rn 
Epilirnr~ior~ H ,  15 m 
l t y p l i r n n ~ o n  ti,, 7 1 m 

Volume 
Whole take V 1634 IOU rn' 
Epilirnn~on V, 254 IOvtii' 
tlypolirnnion V,+ 1380 1 O 9 r n '  

Outflow Q 2 12  loq rn' y r - '  
s 

SRP load 
Epillrnnion \V, ,  4000 IOU mg y r - '  
tlypolimnion \V, I, 0 10'' 111g y r - I  

NSRP load 
Epiliriinion \V,, 8OKI IOV rng y r  ' 
I lypn l i rnn~on  lV,,,, 0 10" tug y r - I  

29.35 to 29.38 have focused on more mechanistic characterizations of the kinetic 
interactions (Irnhoden and Gachtcr 1978). Later lectures review nutrienttfood-chain 
models that incorporate sufficient refiriemcnts as to constitute an alternative rnetliod. 

Other ways in which the approach can be modified would be to divide the hy- 
polimnion into several layers to try to resolve vertical gradients in the bottom waters 
( I~nboden  and Gachter 1978). In addition the metalimnion can be modelcd as a third 
segment. 

Likewise, phosphorus can be subtlivided into additional components to more 
realistically define its dynamics. For exanlple a distirlction can be rnadc hetween 
living particulate phosphorus and detrital phosphorus or hetween dissolved organic 
and dissolved inorganic forms. Figure 29.17 depicts a number of possible kinetic 
segmentation schemes for phosphorus. 

TAD1,E 29.6 
Kinetic parameters for Lake Ontario 
in the early 1970s 

Paran~cter Season Value Units 

k m 8  , Strrnrner 0.36 d - I  
W ~ n l e r  0.045 d ' 

k , .  Surnrner 0068 d ' 
W ~ n l e r  0 0 0 5  d ' 

k ,  ,, Suriirner 0 005 d ' 
Winlcr 0005 d ' 

l '< . 1'1, A l i n ~ t a l  0.103 ~n d ' 

Total P 

20 

VI 
3 25 - P 4 Total P - 
c . - 
z 2 0 -  
0 

a NSRP ........ 

Dala and simulation results 

0 
using the slmplesl seasonal 

5 approach for lotal phosphorus I I I , I I I I I I , ( in Lake Onlario. (TO& 

0 epilimnion: Botlom- 
J F M A M J J A S 0 N D hypolimnion). 

29.5.3 Kinetic Segmentation 

There are three basic ralionales underlying kinetic segmeritation: 

First, the tfivision of mattercan be based on rneasurernent techniques as in the case 
of the SRPINSIIP schenle. Sin~i lar ly  a dissolvedlparticula~e split (Fig. 20.171)) is. 
in part, based on the use of filtration to discriminate between ~ h e s e  pool$. 
Sccond, the segmentation can have a mechanistic basis. For exa~llple the hrcnk- 
down of  Illalter irito pools with siniilar kinetic characteristics facilitates derivation 
and rneasurernent of [lie input-output terms and coupling mechanisms bcrwcen 
conlponents. The division of the particulate phosphorus into phytoplankton and 
detrital components (Fig.  29.1711) is illustriltive of [his rationale since thc settling 
rates of these two pools are different and call be measured separately. 
Finally the segmentation scheme can have a mallagemerit basis. For example the 

uplicit formulation of a phytoplankton pool has inforr~~ational value for rhc plarl- 
ner trying to assess thc deleterious effects of eutrophication. 

A general advalltage of adding compartments is th~lt  the trarlsport and reac- 
tion processes car1 usrrally he fol-mulated in a more mec l~an i s r~c  manner based on 
measurenlents. A disadvantage is that additional e f f o ~ t  must bc expended to oblain 
these measurements. In addition the more "sophisticated" reprcselltaticns usually 
requi;e more effort to program and run on the computer, and they ;Ire lnorc difficult to 
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FIGURE 29.17 
Allernalive k~nelic segmentalion schemes  lo model seasonal phosphorus dynamics. 
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interpret. Funher .  p r rd ic t io~l  reliability m a y  actually decrease  with ;~ddi t iona l  corn- 
partmenis,  because  the least unde,rstood pools would typically be i n c o ~ p o r a t e d  last 
(recal l  Fig. 18.2) .  Therefore the decision to expand  on  a basic framework s u c h  as 
Fig.  29.15 must  h e  ~ n a d e  only :rfter considering these factors. 

PROBLEMS 

- 

29.1. A gravel con1p;irly exc;iv;lte.; a 405-ha gravel pit lhat is 1.52 rn deep. The pit is tilled 
with grclunil\\::rrcr at a rate of 100 111' ( 1 ' .  The groundwater is devoid of nutrients. The 
pit has a sm;~ll ili;~inagr: are;! of 607 Iia. Rainfall on  his drainage area yieltls runoff of 

Non- 
Phytoplankton 

Orgenic P 

25 crn yr-I with a phosphorus content o f 4 0  kg kni-' y r - ' .  Atmospheric sources of 
total phosphorus are 24 kg kni-' yr-I. If total phosphorus settles at a rate of I 2  m yr-I .  
calculate the pit's total phosphorus concentration. Note that evaporation exactly equals 
direct precipitation. 

29.2. A lake (surface area = 10' rn', mean depth = 5 111, residence tirne = 2 yr) has a to~al  
pl~ospliorus loading of 2.5 X 10' 1111: y r ' .  Note thnl the lake has a k.., = 0.15 m - ' .  
I>eterrnine the following: 
( ( I )  Total phospllorus inflow and lake concentrations 
( b )  Chlorophyll u concentration 

(c) Secchi-disk depth 
( ( 1 )  Loading required to ~naintain ttlc lake at the border between oligo~rophy and 

niesotropl~y 

29.3. A stratified lake (surface area = 1.5 X 10%ri2, ttierniocline area = I X IOb m'. epi- 
limnion volume = I x 10' nl'. l~ypolininiori vo1u111e = 0.8  X 10' 111'. residence time = 

3 yr) has a total phosphorus loading of 7 X IOR rng y r ' .  Determine its ~ o t a l  P and 
cl~lorophyll ( I  concentrations and its Secchi-disk dept l~ .  Also, calculate its AHOD and 
de te r~ l~ ine  the concentration of oxygen in i t <  hypolirrlnion over the summer stratilied 
period of 3 nlonths. , 

29.4. Lake S e r n ~ n a ~ n i s l ~ ,  located in W;~shington St:~te. has the followirig charac~eristics: 

Lake surface area = 119.8 kn12 Flow = 2 . 0 3 X  10 ' rn3yr - '  
Sediment surface area = 13.068 kni2 Active sediriierit thickness = 10 cm 
Water volurne = 3.5 X 108 rn' Sediment porosity = 0.9  
Ilypolimnion volurne = 9.8 x 10' rn' Sediment density = 2.5 X IOb g m-' 
llypolinlnion thickness = 7.5 nr 

The lake was heavily polluted in the 1960s when the total P concentration in the lake 
was approximately 33 rng m-'. At this time Ihe lake's inflow concentration was about 
100 mg m-'. The sediment P concentration at [he same lime was about 0.1270 P. 

The lake is mononiictic with a stratified period fronl day 135 to day 315. The 
oxygen at the beginning of the strat~fied period is about 8 nlg L- '  and the summer 
hy polimnetic temperature is approximately 10°C. 

In 1969 the inflodconcentration was abruptly dropped to 65 nig m-?. The follow- 
ing data are available for lake total P (in mg m-') before and after the diversion: 

Year 1 1 9 6 4  1965 1966 1971 1972 1973 1974 

Year 1 1 9 7 5  1979 1981 1982 1983 1984 

If a value of 46 rn yr-I is assunled for the settling velocity. calibrate and simulate total 
P in this lake fro111 1960 through the year 2000. Presenl your results graphically. In 
addition investigate the response if tlie inflow concentration had been dropped to 45 or 
25 trig rn-' in 1969. 

29.5. Use tlie simplest seasonal approacli to determine the coricentrations in Lake Ontario 
over (lie annual cycle if the loadings in the early 1970s were doubled. 


